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The existence of permanent electric dipole moments (EDMs) and magnetic quadrupole moments
(MQMs) violate both time reversal invariance (T ) and parity (P ). Following the CPT theorem
they also violate combined CP symmetry. Nuclear EDMs are completely screened in atoms and
molecules while interaction between electrons and MQMs creates atomic and molecular EDMs which
can be measured and used to test CP-violation theories. Nuclear MQMs are produced by the
nucleon-nucleon T, P -odd interaction and by nucleon EDMs. In this work we study the effect of
enhancement of the nuclear MQMs due to the nuclear quadrupole deformation. Using the Nilsson
model we calculate the nuclear MQMs for deformed nuclei of experimental interest and the resultant
MQM energy shift in diatomic molecules of experimental interest 173YbF , 177,179HfF+, 181TaN,
181TaO+, 229ThO and 229ThF+.
The observed matter-antimatter asymmetry in the
universe is an important open question in modern
physics. Three necessary conditions were postulated by
Sakarhov[1] including the requirement that combined
charge and parity (CP ) symmetry is violated. While
the current standard model (SM) includes a CP - vio-
lating mechanism through a CP - violating phase in the
CKM matrix [2] this alone is insufficient to account for
the observed matter anti-matter asymmetry by several
orders of magnitude (see e.g. Refs. [1, 3–7]). Therefore,
other sources and mechanisms of CP - violation beyond
the current SM must exist and investigating these will
give insight into new physics.
The violation of CP symmetry was first detected
in the decay modes of the kaon system [8] and more re-
cently in the B meson sector [9, 10] however detection of
CP - violation in other systems has not been confirmed.
By the CPT theorem a mechanism which violates
combined CP symmetry must also violate time-reversal
(T ) symmetry. Therefore, the existence of permanent
electromagnetic moments which violate T symmetry
is a promising avenue for constraining theories which
incorporate a higher degree of CP - violation than
the SM such as supersymmetric theories which has
already been tightly constrained by current experimen-
tal limits for electric dipole moments (EDMs)[5, 11, 12].
CP - violating permanent electrodynamic moments
are expected to be observed in composite particles
and systems such as atoms, nuclei and baryons and
interpreted as parameters of CP - violating interactions
in the lepton and quark-gluon sectors. In this paper
we focus on the magnetic quadrupole moment (MQM)
of the nucleus in particular, which is the lowest order
magnetic moment that is forbidden in quantum sys-
tems by the time reversal invariance (T ) and parity
(P ). For an in-depth review on symmetry violating
electromagnetic moments including the MQM see Ref.
[5, 13–17]. The MQM of composite systems such as the
deuteron [18] have previously been investigated. The
search for MQM in comparison with the electrostatic
T, P -violating moments (EDM, Schiff and octupole
moments) may have the following advantages:
• The nuclear EDM in neutral atoms and molecules
are completely screened [19]. The Schiff and oc-
tupole moments have an additional second power
of a very small nuclear radius. The magnetic in-
teraction is not screened. The MQM contribution
to atomic EDM typically is an order of magnitude
larger than the contribution of the Schiff moment
and several orders of magnitude larger than the
octupole contribution [15, 20].
• In quadrupole deformed nuclei MQM is enhanced
by an order of magnitude [21], therefore, the MQM
contribution to atomic EDM may be two orders of
magnitude larger than the Schiff moment contri-
bution.
• In the expression for the Schiff moment there is a
partial cancellation between the first term and the
second (screening) term. There is also a screening
correction to the octupole moment [15, 22, 23].
• In the Hg and Xe atoms where the most accu-
rate measurements of atomic EDM have been per-
formed, the valence nucleon is a neutron. There-
fore, the electrostatic moments (EDM, Schiff and
octupole) moments do not appear directly, they
exist due to the nuclear polarization effects [22].
Due to the screening effect and the indirect po-
larization origin of the Schiff moment the nuclear
calculations are rather unstable. In the case of the
MQM moment both valence protons and neutrons
contribute directly, and the result is expected to
be more accurate[24].
A promising method of measuring CP - violating
moments is in diatomic molecular experiments where
the effective electric field is significantly larger than
those directly accessible in laboratory experiments.
There is a considerable body of work for calculating
the effective electric field in diatomic molecular systems
which may be experimentally viable. Both theoretical
2and experimental progress has been made in measuring
the T, P− odd effects in YbF[25–32], HfF+ [33–41],
ThO [42–49], ThF+[34, 50, 51], TaN [52, 53] and
TaO+ [54] particularly in relation to the nuclear Schiff
moment and electron EDM. In section II we present
the molecular energy shift due to the nuclear MQM for
these molecules.
The collective enhancement of MQM for some heavy
deformed nuclei were estimated in [21, 24] where they
considered the contribution using a spherical wave
function basis. In this work we will use the Nilsson
model of the the nucleus which is an empirically
successful single particle model which accounts for
the quadrupole deformation of a nucleus by using
an anisotropic oscillator potential [55–57]. In the
Nilsson model the deformation breaks the degeneracy
of the isotropic shell model which results in several
overlapping partially filled nuclear shells containing a
large number of nucleons. Each nucleon in the Nilsson
model is defined in the Nilsson basis [NnzΛΩ] where
N is the principle shell number (N = nx + ny + nz),
Λ is the projection of the orbital angular momentum
on the deformation axis (chosen to be the z-axis)
and Ω = Λ + Σ is the projection of the total angular
momentum of the nucleon on the deformation axis.
To illustrate why the MQM tensor should be en-
hanced in quadrupole deformed nuclei let us compare
it with the EDM vector property of nuclei. The direc-
tion of the EDM of a nucleon is characterised by its
angular momentum projection on the deformed nucleus
axis Ω. In the case of the vector properties such as
EDM and magnetic moment the contributions of Ω and
−Ω cancel each other and there is no enhancement in
the quadrupole deformed nuclei. For the second rank
tensors such as MQM and nuclear electric quadrupole
moment the contributions of Ω and −Ω double the ef-
fect. There are many nucleons in the open shells of de-
formed nuclei and this leads to a collective enhancement
of second rank tensor properties.
In the Nilsson model we consider the nucleus in the
intrinsic frame which rotates with the nucleus. How-
ever the nucleus itself rotates with respect to the fixed
laboratory frame [57]. Due to this rotation the tensor
properties transform between the intrinsic and labora-
tory frame. The relationship between these two frames
is [57]
ALab =
I (2I − 1)
(I + 1) (2I + 3)
AIntrinsic, (1)
where I = Iz = |Ω| is the projection of total nuclear an-
gular momentum (nuclear spin) on the symmetry axis.
This expression shows that only in nuclei with spin
I > 1/2 can we detect these second order tensor prop-
erties.
I. MQM CALCULATION
The magnetic quadrupole moment of a nucleus due
to the electromagnetic current of a single nucleon with
mass m is defined by the second order tensor operator
[15],
Mˆνkn =
e
2m
[
3µν
(
rkσn + σkrn −
2
3
δknσˆr
)
+2qν (rkln + lkrn)]
(2)
where ν = p, n for protons and neutrons respectively
and, µν and qν are the magnetic moment and charge
of the nucleon respectively. The nuclear MQM is T -
,P - odd and therefore it is forbidden in the absence of
nucleon EDMs and T -, P - odd nuclear forces. It is un-
derstood the shell nucleons interact with the core of the
nucleus through a P− and T− odd potential [14, 15, 21].
This results in a perturbed “spin hedgehog” wavefunc-
tion of a nucleon given by [15, 21],
|ψ′〉 =
(
1 +
ξν
e
σˆ∇ˆ
)
|ψ0〉 (3)
ξν ≈ −2× 10
−21ην e · cm
where ν = p, n for protons and nucleons respectively.
Here ην represent T -,P - odd nuclear strength constants
from the T -,P - violating nuclear potential HT,P =
ηνGF /(2
3/2mν)(σ ·∇ρ) and |ψ0〉 is the unperturbed nu-
cleon wavefunction. Here ρ is the total nuclear number
density and GF is the Fermi weak constant. It should
be noted that we used T -,P - odd interaction in the con-
tact limit while the actual interaction has a finite range
due to the pion exchange contribution. Another approx-
imation used in the derivation of the Eq. (3) is that the
strong potential and nuclear density have similar profiles
(not necessarily the spherical one). These approxima-
tions introduce a sizeable theoretical uncertainty. Using
(2) and (3) the MQM for a single nucleon due to the P -,
T - odd valence-core interaction is given by,
MTP =MTPzz = ξ
2
m
(µ 〈σ · l〉 − q 〈σzlz〉) . (4)
In the Nilsson basis [55] the nucleon’s total angular mo-
mentum projection onto the symmetry axis is given by
ΩN = ΛN + ΣN , where ΣN = ±1/2 is the spin projec-
tion and Λ is the orbital angular momentum projection
of the nucleon. In this basis the MQM generated by the
spin-hedgehog Eq. (3) is given by,
MTPν = 4ΣNΛNξ (µν − qν)
~
mpc
. (5)
The orbit of a permanent electric dipole moment (EDM)
also generates a contribution to the nuclear MQM,
MEDMν ∝ dν [58]. As both the proton and neutron are
expected to have an EDM both will contribute to the
MQM. From [24] using a valence nucleon approach the
3Nuclei Ipit M Nuclei I
pi
t M
9Be 3
2
−
0Mp0 + 0.4M
n
0
167Er 7
2
+
21Mp0 + 36M
n
0
21Ne 3
2
+
0Mp0 + 0.4M
n
0
173Yb 5
2
−
14Mp0 + 26M
n
0
27Al 5
2
+
3Mp0 + 4.5M
n
0
177Hf 7
2
−
17Mp0 + 42M
n
0
151Eu 5
2
+
12Mp0 + 23M
n
0
179Hf 9
2
+
20Mp0 + 50M
n
0
153Eu 5
2
+
12Mp0 + 20M
n
0
181Ta 7
2
+
19Mp0 + 45M
n
0
163Dy 5
2
−
11Mp0 + 21M
n
0
229Th 5
2
+
13Mp0 + 27M
n
0
Table I. Total nuclear MQM for each quadrupole deformed
nucleus calculated using the Nilsson model. This table
presents both the proton and neutron contributions to the
total nuclear MQM in the laboratory frame.
ratio of the two contributions MTPν /M
EDM
ν is indepen-
dent of the total angular momentum, I, of the nucleon.
Therefore up to non diagonal elements of definite I the
ratio is the same in the Nilsson model. That is,
MEDMν ≈ 4ΣNΛNdν
~
mpc
. (6)
Therefore, the MQM generated by a single nucleon is
given by,
Mν = 4ΣNΛNM
0
ν
M0ν = [ξ (µν − qν) + dν ]
~
mpc
.
(7)
Using the Nilsson model we can find the total MQM of
the nucleus by summing up every nucleon in the open
and closed shells. To find the nuclear configuration of
each species we have to first identify the quadrupole
deformation of the nucleus. In odd-A nuclei there is one
unpaired nucleon which defines the nucleus’ spin and
parity (Ipit ). Therefore we find the correct deformation
factor δ of the nucleus by filling up each energy level
in the Nilsson energy diagrams [57] such that the final
configuration results in the correct nuclear spin and
parity (see Ref. [59]). For any odd-A isotope the
nuclear MQM in laboratory frame can be found using
(1) and (7) if the condition It ≥ 3/2 is satisfied. The
nuclear MQM for nuclei of experimental interest are
presented in Table I. We do not consider configuration
mixing in our MQM calculations. Configuration mixing
has been shown to suppress the nuclear EDM and
spin matrix elements with partially filled nuclear shells
[60–62]. A similar effect may appear for MQM.
Comparing these nuclear MQMs to those presented in
[24] we see that the use of the deformed Nilsson orbitals
instead of the spherical orbitals leads to a significant
increase of the results. For example, in the Hafnium
isotopes 177Hf and 179Hf the neutron contribution is en-
hanced by a factor of 3. Similarly, for 179Yb the neu-
tron contribution has doubled. Note also that MQMs
in these heavy quadrupole deformed nuclei are an order
of magnitude larger than MQM due to a valence proton
(∼Mp0 ) or neutron (∼M
n
0 ) in spherical nuclei.
The T -,P - odd nuclear potential which generated the
MQM is dominated primarily by the neutral pi0 ex-
change. We can express the strength constants ην in
the T -,P - violating nuclear potential HT,P in terms of
the strong piNN coupling constant g and three T -,P -
odd coupling constants, corresponding to the different
isotopic channels, gi where i = 0, 1, 2. For heavy nuclei
the results are the following [15, 63]:
ηn = −ηp ≈ 5× 10
6g (g¯1 + 0.4g¯2 − 0.2g¯0) . (8)
We can rewrite the contribution of both the proton and
nucleon MQMs in terms of these coupling constants [21,
64],
M0p (g) =
[
g (g¯1 + 0.4g¯2 − 0.2g¯0)
+
dp
1.2× 10−14 e · cm
]
3.0× 10−28 e · cm2
(9)
M0n(g) =
[
g (g¯1 + 0.4g¯2 − 0.2g¯0)
+
dp
1.3× 10−14 e · cm
]
3.2× 10−28 e · cm2.
(10)
We can write the contributions of the T -,P -odd piNN
interaction and nucleon EDMs in terms of more fun-
damental T -,P - violating parameters such as the QCD
CP - violating parameter θ¯ which is the heart of the
strong CP problem, or in terms of the EDMs d and
chromo-EDMs d˜ of u and d quarks. They are [5, 65–69]:
gg¯0(θ¯) = −0.37θ¯ (11)
gg¯0(d˜u, d˜d) = 0.8× 10
15
(
d˜u − d˜d
)
cm−1
gg¯1(d˜u, d˜d) = 4× 10
15
(
d˜u + d˜d
)
cm−1
(12)
dp(du, dd, d˜u, d˜d) = 1.1e
(
d˜u + 0.5d˜d
)
+ 0.8du − 0.2dd
dn(du, dd, d˜u, d˜d) = 1.1e
(
d˜d + 0.5d˜u
)
− 0.8dd + 0.2du
(13)
where the chromo-EDM contributions in eqs. (12) and
(13) arise from the Peccei-Quinn mechanism [5, 70]. The
corresponding substitutions give the following results for
the dependence on θ˜ of proton and neutron MQM con-
tributions:
M0p (θ¯) = 1.9× 10
−29θ¯ e · cm2
M0n(θ¯) = 2.5× 10
−29θ¯ e · cm2.
(14)
4The dependence on the up and down quark EDMs is
M0p (d˜u − d˜d) = 1.2× 10
−12(d˜u − d˜d) e · cm
M0n(d˜u − d˜d) = 1.3× 10
−12(d˜u − d˜d) e · cm.
(15)
While there have been more sophisticated treatments of
the piNN interaction with respect to θ¯[12, 62, 71, 72]
and the quark chromo-EDMs [12, 62, 72–74] the values
used above are within the accuracy of our model.
II. MQM ENERGY SHIFT IN DIATOMIC
MOLECULES
Direct measurement of the nuclear MQM is unfeasible
and a more indirect method is required. As mentioned
above the use of neutral molecular systems is promis-
ing as the nuclear MQM will interact with the internal
electromagnetic field. Molecules in particular present a
lucrative option due to existence of very close paired lev-
els of opposite parity, the Ω-doublet - see e.g. [24]. For
highly polar molecules consisting of a heavy and light
nucleus (for example, Th and O) the effect of MQM is
∼ Z2, therefore it is calculated for the heavier nucleus.
The Hamiltonian of diatomic paramagnetic molecule in-
cluding the T, P− odd nuclear moment effects is given
by [15, 75]:
H =WddeS · n+WQ
Q
I
I · n−
WMM
2I(2I − 1)
STˆn, (16)
where de is the electron EDM, Q is the nuclear Schiff
moment, M is the nuclear MQM, S is the electron spin,
n is the symmetry axis of the molecule, Tˆ is the second
rank tensor operator characterised by the nuclear spins
Tij = IiIj+IjIi−
2
3
δijI(I+1) andWd,WQ andWM are
fundamental parameters for each interaction which are
dependent on the particular molecule. We have omitted
the P -,T - odd electron-nucleon interaction terms which
are presented e.g. in reviews [11, 13]. These parameters
Wd, WQ and WM are related to the electronic molec-
ular structure of the state. For each molecule there is
an effective field for each fundamental parameter, these
effective fields are calculated using many-body meth-
ods for electrons close to the heavy nucleus [24]. For
the nuclear MQM we are interested only in WM which
has been calculated for molecules YbF [75], HfF+[76],
TaN [52, 53], TaO+[54], ThO [45] and ThF+[50]. Using
these vales we present the results for the energy shifts in
molecules induced by MQM in terms of CP− violating
parameters θ¯, dp and (d˜u − d˜d) in Table II.
The MQM molecular energy shifts for HfF+, TaN,
TaO+ and ThO were calculated in Refs. [40], [52], [54]
and [45] respectively. They used the MQM calculated
in the spherical basis method outlined in [24] and rep-
resent the shifts in fundamental T -,P - odd parameters
as in Table II. Using the Nilsson model, the MQM en-
ergy shifts are larger for TaN, TaO+ and ThO molecules
by a factor of 2 however for 177HfF+ the values of the
|WM | |WMMS| (µHz)
Molecule Ipit State
1039 µHz/
e·cm2
1025dp/
e· cm
1010 θ¯
1027(d˜u − d˜d)/
cm
173YbF 5
2
− 2Σ1/2 2.1[75] 37 96 53
177HfF+ 7
2
− 3∆1 0.494[76] 21 68 37
179HfF+ 9
2
+ 3∆1 0.494[76] 25 81 44
181TaN 7
2
+ 3∆1 1.08[52] 51 159 87
181TaO+ 7
2
+ 3∆1 0.45[54] 21 66 36
229ThO 5
2
+ 3∆1 1.10[45] 35 102 56
229ThF+ 5
2
+ 3∆1 0.88[50] 28 81 45
Table II. Frequency shifts due to the MQM interaction with
the electron magnetic field of the molecules. We present
the energy shifts in terms of the CP− violating parameters
of interest. These are the strong CP− term in QCD θ¯, the
permanent EDM of the proton dp and the difference of quark
chromo-EDMs (d˜u − d˜d).
two models are similar. Using the currents limits on the
CP-violating parameters [77] |dp| < 8.6 × 10
−25 e·cm,
θ¯ < 2.4 × 1010 and d˜u − d˜d < 6 × 10
−27 cm the re-
spective MQM energy shifts (|WMMS|) in
229ThO are
< 300 µHz, < 250 µHz and 340 µHz. The 232ThO
molecule has recently been used to set new limits on
the electron EDM with a factor of 12 improvement in
accuracy of 80 µHz[78, 79]. As 232Th has an even num-
ber of nucleons there is no spectroscopic nuclear MQM.
Therefore in principle, if a similar experiment is possi-
ble with 229ThO future measurements should improve
constraints on nuclear CP - violating interactions. It is
interesting to find the minimal SM prediction for the
energy shifts which comes solely from the CKM matrix.
Using eqs. (9) and (10), the lower limit on the CKM nu-
cleon EDM dCKMp = −d
CKM
n ≈ 1×10
−32 e·cm[80] and the
strengths of the CP−odd pion nucleon couplings in the
CKMmodel gg¯0 ≈ −1.6×10
−16, gg¯1 ≈ −1.8×10
−16 and
gg¯2 ≈ 4.7 × 10
−20 [81] we find |M0,CKMp | ≈ |M
0,CKM
n | ≈
4.5×10−44 e·cm2. This corresponds to an energy shift of
|WMMS| ≈ 1 nHz in
229ThO due to the MQM which is
4 orders of magnitude lower than the current accuracy.
Results for other molecules in Table II are similar.
III. CONCLUSION
In this work we present a novel method for calcu-
lating the nuclear MQM for any nuclei that satisfy
the angular momentum condition It ≥ 3/2. In heavy
nuclei with large quadrupole deformations there is an
enhancement of the nuclear MQM due to the collective
effect of partially filled nucleon shells and therefore
these nuclei present an opportunity for detecting and
measuring T -,P - violating effects in the hadronic
sector. The molecular systems which have been used to
study the electron EDM with promising results are also
5excellent candidates for measuring the nuclear MQM
[45, 76]. With increasing experimental capabilities
in paramagnetic molecular systems the possibility of
measure these T -,P - violating effects is attractive. The
nuclear MQM’s and MQM molecular energy shifts pre-
sented in this work may allow experimentalists either
detect or constrain the limits of fundamental T -,P -
violating nucleon EDM (dp), strong CP parameter (θ¯)
and chromo-EDMs (d˜u − d˜d).
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PHY11-25915. V.F. is grateful to Kavli Institute for
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